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Abstract
We investigate phase transitions and critical behaviors of the Kerr-Sen black hole in
four dimensions. Computing the involved thermodynamical quantities including the
specific heat and using the Ehrenfest scheme, we show that such a black hole undergoes
a second-order phase transition. Adopting a new metric form derived from the Gibss
free energy scaled by a conformal factor associated with extremal solutions, we cal-
culate the geothermodynamical scalar curvature recovering similar phase transitions.
Then, we obtain the scaling laws and the critical exponents, matching perfectly with
mean field theory.
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2
1 Introduction
It has been shown that black holes can be considered as exotic objects predicted by various
gravity theories [1, 2]. The associated investigations have been supported by low-energy
limits of superstring models and M-theory [3–5]. In this context, many solutions have been
elaborated using either brane physics or the dimension reduction mechanism on non trivial
geometries [6]. A particular emphasis has been put on a solution obtained from the heterotic
superstring theory [7]. According to some stringy assumptions, the Kerr-Sen black hole has
been found as an exact solution having a finite amount of charge and angular momentum.
This model has been approached from many angles including the thermodynamical and the
optical aspects [8–11]. Recently, such behaviors have been considered as fascinating research
topics supported by the black hole imaging [12]. In particular, many studies have been done
dealing with thermodynamics of four dimensional black holes [13–16]. Among others, it has
been shown that certain models can undergo phase transitions which have been extensively
investigated in different situations and backgrounds including dark sectors [17–19]. In this
way, various thermodynamical relations have been exploited to study the nature of such
transitions. Precisely, the Ehrenfest equations have been considered as an elegant tool to
inspect the second-order phase transition at certain critical points [20,21]. At the vicinity of
such points, certain thermodynamic quantities, including the heat capacity, exhibit singular
behaviors relaying on divergencies.
The aim of this paper is to investigate phase transition behaviors of the Kerr-Sen black hole
in four dimensions by determining their nature using two different approaches. Concretely,
we compute the relevant thermodynamical quantities including the specific heat involving
non trivial behaviors at the critical point. Using the Ehrenfest scheme, we first reveal
that such a black hole, being described by three parameters (mass M , norm of angular
momentum J and charge Q), undergoes a second-order phase transition. Adopting a new
metric form relying on the Gibbs free energy scaled by a conformal factor associated with
extremal solutions, we elaborate the geothermodynamics recovering similar phase transition
behaviors. Then, we obtain scaling laws and critical exponents of such a black hole, which
match perfectly with mean field theory.
The organisation of this work is as follows. In section 2, we reconsider the study of the
phase transitions of the Kerr-Sen black hole by computing the relevant thermodynamical
quantities. In section 3, we examine the Ehrenfest equations and show that the Kerr-Sen
black hole undergoes a second-order phase transition. In section 4, we compute thermody-
namical curvature showing similar phase transition behaviors. In section 5, we discuss the
scaling laws and the critical exponents by computing the associated quantities. The last
section is devoted to conclusions and open questions.
2 Kerr-Sen black hole thermodynamics
In this section, we reconsider the study of the Kerr-Sen black hole thermodynamics. This
four dimensional black hole solution has been obtained from the heterotic superstring theory
living in ten dimensions [7]. The associated action is given by
S =
∫
d4x
√
− det ge−Φ
(
R − gµν∂µΦ∂νΦ− 1
8
FµνF
µν − 1
12
HµνρH
µνρ
)
. (2.1)
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Here, R is the Ricci scalar curvature, g denotes the determinant of the metric, Fµν indicates
the abelian electromagnetic tensor given by Fµν = ∂µAν − ∂νAµ with the Maxwell field Aµ.
φ is the dilaton slacar field, while the tensor field Hµνρ is given by
Hµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν − (AµFνρ + AνFρµ + AρFµν) (2.2)
where Bµν represents the stringy antisymmetric B-field. This action has been considered as
the starting point to elaborate the Kerr-Sen (charged rotating) black hole in four dimensions.
In order to investigate the corresponding thermodynamical behaviors, however, we exploit
its line element metric using the standard Boyer-Lindquist coordinates. In this way, it reads
as
ds2 = −f(r)
σ
(
dt− asin2θdφ)2 + sin2θ
σ
(
adt− (σ + a2sin2θdφ)2 + σ
(
dr2
f(r)
+ dθ2
)
. (2.3)
In this case, the metric function f(r) reads as
f(r) = r2 + 2(b−M)r + a2. (2.4)
The quantity σ takes the following form
σ = r2 + 2br + acos2θ. (2.5)
The twist parameter b and the angular momentum J are respectively given by
b =
Q2
2M
, J = aM. (2.6)
In this Kerr-Sen black hole solution, M , Q and a represent the mass, the charge and the
specific angular momentum, respectively. As usually, the event horizon rh of such a black
hole can be obtained by imposing the constraint f(rh) = 0. The associated solution is given
by
r±h =M − b±
√
(M − b)2 − a2. (2.7)
Using Eq(2.6), the corresponding entropy reads as
S =
A
4
= π
(
2M2 −Q2 +
√
(2M2 −Q2)2 − 4J2
)
. (2.8)
The Hawking temperature, being related to the surface gravity, takes the following form
T =
√
(2M −Q2)2 − 4J2
4πM
(
2M −Q2 +
√
(2M −Q2)2 − 4J2
) . (2.9)
Similar calculations provide a generalized formula for the Kerr-Sen black hole
M(S,Q, J) =
(
4π2J2 + 2πQ2S + S2
4πS
)1/2
. (2.10)
It is recalled that the first law of the black hole thermodynamics can be written as
dM = TdS + φdQ+ ΩHdJ, (2.11)
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where T , φ and ΩH are the temperature, the electrostatic potential and the angular velocity,
respectively. The explicit expressions of the involved parameters are listed as follows
Ω =
∂M
∂J
=
πJ
MS
(2.12)
φ =
∂M
∂Q
=
Q
2M
. (2.13)
The temperature being given by
T (S,Q, J) =
∂M
∂S
=
(S − 2πJ)(S + 2πJ)
4S3/2
√
π(4π2J2S + 2πQ2S2 + S3)
(2.14)
is illustrated in Fig.1 as a function of the entropy for different values of the angular momen-
tum and the charge. This computation generates certain critical behaviors.
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Figure 1: The Temperature (T) for Kerr-Sen black hole as a function of the entropy (S) for
different values of J and Q.
A close examination on the curve in the S−T plane shows that the temperature T is indeed
a continuous function of the entropy. Thus, the possibility of a first-order phase transition
is removed. Besides, one can notice from Fig.1 that the temperature decreases when the
angular momentum and the charge does. However, it has been shown that the temperature
vanishes at S = 2πJ which could be linked with an extremal black hole solution. Then,
the temperature exhibits a maximum point corresponding to its vanishing first derivative
located at
Smax = pi
√
2 3
√
2J4Q4 − 8J6 + 4J2 +
√√√√√4pi2J2

 Q2√
1
2
3
√
2J4Q4 − 8J6 + J2
+ 2

− 2pi2 3√2J4Q4 − 8J6.
(2.15)
Then, it goes to zero when S goes to infinity. It is known that a second-order occurs
at the point where the heat capacity exhibits a singularity. To get further insight into the
thermodynamical behaviors of the Kerr-Sen black hole, we compute the semi-classical specific
heat by using the relation CJ,Q = T
(
∂S
∂T
)
. This has been found to be
CJ,Q(S,Q, J) =
2S(−4J2π2 + S2)(4J2π2 + S(2πQ2 + S))
48J4π4 − S4 + 8J2π2S(4πQ2 + 3S) . (2.16)
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Figure 2: The heat capacity (C) of Kerr-Sen black hole with respect to the entropy (S) for
fixed J = 0.1 and Q = 0.05.
To investigate the associated behaviors, we plot the heat capacity as a function of the entropy
in Fig.2.
It follows that this function involves a discontinuity at a critical value of the entropy given
by Sc = Smax = 1.60199. Such a point Sc separates two branches associated with a small and
large black hole transition. It can be seen also from Fig.2 that the heat capacity changes
from a positive infinity to a negative infinity at T = Tc = 0.0874147. An examination
shows that there is an infinite divergence of the heat capacity that indicates a higher-order
phase transition of the Kerr-Sen black hole. This critical transition can be treated using
two different approaches which will be investigated in the next sections. The first one will
be based on the Ehrenfest method. However, the second one will be conducted using a
geometric way by adopting a new metric form inspired by the Gibbs free energy scaled by a
conformal factor associated with the existence of extremal solutions.
3 Second-order phase transition of the Kerr-Sen black
hole
In this section, we study a phase transition phenomena appearing in the Kerr-Sen black hole
by using first the Ehrenfest scheme [22–26]. In particular, we will show that this black hole
exhibits a second-order phase transition by adopting such a nice technique used for studying
thermodynamical systems.
3.1 Kerr-Sen black hole behaviors from the Ehrenfest scheme
It is noted that the Ehrenfest scheme has been exploited to understand the nature of the
phase transition, based on certain relations and equations. For such a black hole, twelve
Ehrenfest equations are involved. They are grouped in Tab.1.
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S fixed Ω fixed φ fixed
− ( ∂J
∂T
)
S,Q
=
(CJ,Q)2−(CJ,Q)1
ΩT (α2−α1)
(
∂J
∂T
)
Ω,Q
= α2−α1
κ2−κ1
(
∂J
∂T
)
φ,Q
= φ(α
′
2−α′1)
Ω(χ2−χ1)
−
(
∂J
∂Q
)
S,T
= φ(α
′
2−α′1)
Ω(α2−α1)
−
(
∂J
∂Q
)
Ω,T
= φ(χ
′
2−χ
′
1)
Ω(κ2−κ1)
−
(
∂J
∂Q
)
φ,T
= φ(κ
′
2−κ′1)
Ω(χ2−χ1)
− (∂Q
∂J
)
S,T
= Ω(α2−α1)
φ(α′2−α′1)
− (∂Q
∂J
)
Ω,T
= Ω(κ2−κ1)
φ(χ′2−χ
′
1)
− (∂Q
∂J
)
φ,T
= Ω(χ2−χ1)
φ(κ′2−κ′1)
− (∂Q
∂T
)
S,J
=
(CJ,Q)2−(CJ,Q)1
φT (α′2−α′1)
(
∂Q
∂T
)
Ω,J
= Ω(α2−α1)
φ(χ′2−χ
′
1)
(
∂Q
∂T
)
φ,J
= α
′
2−α′1
κ′2−κ′1
Table 1: Ehrenfest equations for the Kerr-Sen black hole.
The relevant thermodynamical coefficients are given by the following formulae
α = − 1
Ω
(
∂Ω
∂T
)
J,Q
, κ = 1
Ω
(
∂Ω
∂J
)
T,Q
, χ = 1
Ω
(
∂φ
∂J
)
T,Q
,
α′ = − 1
φ
(
∂φ
∂T
)
J,Q
, χ′ = 1
Ω
(
∂Ω
∂Q
)
T,J
, κ′ = 1
Ω
(
∂φ
∂Q
)
T,J
.
(3.1)
As shown in Fig.2, the heat capacity CJ,Q is discontinuous which is needed to reveal that the
studied black hole system undergoes a second-order phase transition. This can be confirmed
by examining the discontinuous behaviors of α, κ, χ, α′, κ′ and χ′. To do so, one should
compute such quantities. Using (2.12) and (2.13), we can express Ω and φ as a function of
S, J and Q. The calculations give
Ω(S,Q, J) =
2Jπ3/2√
2πS2Q2 + 4J2sπ2 + S3
, (3.2)
φ(S,Q, J) =
√
SπQ√
4J2π2 + 2πQ2S + S2
. (3.3)
By using (2.14), (3.2), and (3.3), the expressions of α and α′ can be written as
α = − 1
Ω
(
∂Ω
∂S
)
J,Q
(
∂S
∂T
)
J,Q
=
4S(4J2π2 + S(4πQ2 + 3S))
√
Sπ(4J2π2 + S(2πQ2 + S))
48J4π4 − S4 + 8J2π2S(4πQ2 + 3S)
(3.4)
α′ = −1
φ
(
∂φ
∂S
)
J,Q
(
∂S
∂T
)
J,Q
=
4S(−4J2π2 + S2)√Sπ(4J2π2 + S(2πQ2 + S))
48J4π4 − S4 + 8J2π2S(4πQ2 + 3S) . (3.5)
Using the following equations
(
∂Ω
∂J
)
T,Q
=
(
∂Ω
∂J
)
S,Q
(
∂T
∂S
)
J,Q
− (∂Ω
∂S
)
J,Q
(
∂T
∂J
)
S,Q(
∂T
∂S
)
J,Q
,
(
∂φ
∂Q
)
T,J
=
(
∂φ
∂Q
)
S,J
(
∂T
∂S
)
J,Q
− ( ∂φ
∂S
)
J,Q
(
∂T
∂Q
)
S,J(
∂T
∂S
)
J,Q
we obtain
κ =
(4J2π2 + S2)2
J(48J4π4 − S4 + 8J2π2S(4πQ2 + 3S)) , (3.6)
κ′ =
48J4π4 + 24J2π2S2 − S4
Q(48J4π4 − S4 + 8J2π2S(4πQ2 + 3S)) . (3.7)
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To get the expressions of the two final quantities, we exploit the formulae
(
∂φ
∂J
)
T,Q
=
(
∂φ
∂J
)
S,Q
(
∂T
∂S
)
J,Q
− ( ∂φ
∂S
)
J,Q
(
∂T
∂J
)
S,Q(
∂T
∂S
)
J,Q
,
(
∂Ω
∂Q
)
T,J
=
(
∂Ω
∂Q
)
S,J
(
∂T
∂S
)
J,Q
− (∂Ω
∂S
)
J,Q
(
∂T
∂Q
)
S,J(
∂T
∂S
)
J,Q
,
which gives the following relations
χ =
−4πQS(4J2π2 + S2)
48J4π4 − S4 + 8J2π2S(4πQ2 + 3S) , (3.8)
χ′ =
−8Jπ2(4J2π2 + S2)
48J4π4 − S4 + 8J2π2S(4πQ2 + 3S) . (3.9)
It is worth noting that α, χ, α′, κ′ and χ′ share the same denominator being exactly the
one of CJ,Q(S,Q, J). Thus, such quantities diverge at the same critical value of the entropy.
This critical behavior can be clearly seen from Fig.3 showing the variation of such quantities
in terms of the entropy S. Precisely, it has been observed that all the computed quantities
exhibit a discontinuity at the critical value Sc = 1.60199 illustrated by the red dashed line.
The obtained results show a genuine second-order phase transition for the Kerr-Sen black
hole.
3.2 Validity of the Ehrenfest equations
Now we are in position to inspect the Ehrenfest equations organized in the table 1 by checking
their validity. It is noted that for any second-order phase transition, the Ehrenfest equations
should be satisfied at the critical point. Indeed, we consider first the Ehrenfest equations
associated with the fixed entropy classes. Using (2.14), the left hand side of the first equation
can be computed. This has been found to be
−
(
∂J
∂T
)
S,Q
=
(
S
pi
(4J2π2 + S(2πQ2 + S)
)3/2
J (4J2π2 + S(4πQ2 + 3S))
. (3.10)
To get the right hand side, we can use the expressions of CJ,Q and α given in (2.16) and (3.4).
Indeed, consider two points S1 = Sc+ ǫ and S2 = Sc− ǫ (ǫ≪ 1) associated with phase 1 and
phase 2, respectively of the curves given in Figs.2 and 3 and the corresponding CJ,Q |S1=
C(J,Q)1, CJ,Q |S2= C(J,Q)2 and α |S1= α1, α |S2= α2, respectively. Putting D(S, J,Q) =
48J4π4 − S4 + 8J2π2S(4πQ2 + 3S), the right hand side of the first Ehrenfest relation for
fixed values of the entropy reads as
(CJ,Q)2 − (CJ,Q)1
ΩT (α2 − α1) =
2S(−4J2π2 + S2)(4J2π2 + S(2πQ2 + S))
ΩT [4S(4J2π2 + S(4πQ2 + 3S))
√
Sπ(4J2π2 + S(2πQ2 + S))]
×
(
1
D2
− 1
D1
)
(
1
D2
− 1
D1
)
(3.11)
where D1 and D2 denote the denominators associated with the phase 1 and 2, respectively.
Using the expressions of T and Ω, the right hand side of the first Ehrenfest relation for a
fixed value of the entropy is found to be
(CJ,Q)2 − (CJ,Q)1
ΩT (α2 − α1) =
(
S
pi
(4J2π2 + S(2πQ2 + S)
)3/2
J (4J2π2 + S(4πQ2 + 3S))
(3.12)
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Figure 3: The variation of α, κ, χ, α′, κ′ and χ′ with respect to the entropy for fixed values
of Q and J .
revealing that the first Ehrenfest equation is satisfied. Using similar calculations, we examine
the second equation appearing in Tab.1. The left hand side of the second Ehrenfest equation
can be written as
−
(
∂J
∂Q
)
S,T
=
(
∂T
∂Q
)
S,J(
∂T
∂J
)
S,Q
. (3.13)
Using the equations (2.14) and (3.13), we get
−
(
∂J
∂Q
)
S,T
=
QS(S2 − 4J2π2)
8J3π3 + 2JπS(4πQ2 + 3S)
. (3.14)
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Exploiting the same procedure used in the verification of the first equation right hand side,
we obtain
φ(α′2 − α′1)
Ω(α2 − α1) =
φ[4S(−4J2π2 + S2)√Sπ(4J2π2 + S(2πQ2 + S))]
Ω[4S(4J2π2 + S(4πQ2 + 3S))
√
Sπ(4J2π2 + S(2πQ2 + S))]
×
(
1
D2
− 1
D1
)
(
1
D2
− 1
D1
) .
(3.15)
Using (3.3) and (3.2), we arrive to
φ(α′2 − α′1)
Ω(α2 − α1) =
QS(S2 − 4J2π2)
8J3π3 + 2JπS(4πQ2 + 3S)
(3.16)
which reveals clearly the validity of the Ehrenfest second equation at the critical point. For
the third equation, the left hand side can be calculated using (2.14) and (3.17). Indeed, it
is given by
−
(
∂Q
∂J
)
S,T
=
(
∂T
∂J
)
S,Q(
∂T
∂Q
)
S,J
=
8J3π3 + 2JπS(4πQ2 + 3S)
QS(S2 − 4J2π2) . (3.17)
Similar computations provide
Ω(α2 − α1)
φ(α′2 − α′1) =
Ω[4S(4J2π2 + S(4πQ2 + 3S))
√
Sπ(4J2π2 + S(2πQ2 + S))]
φ[4S(−4J2π2 + S2)
√
Sπ(4J2π2 + S(2πQ2 + S))]
×
(
1
D2
− 1
D1
)
(
1
D2
− 1
D1
) .
(3.18)
Using the expression of φ from (3.3) and Ω from (3.2), we find
Ω(α2 − α1)
φ(α′2 − α′1) =
QS(S2 − 4J2π2)
8J3π3 + 2JπS(4πQ2 + 3S)
. (3.19)
This indicates the validity of such an Ehrenfest equation. For the last equation given in
Tab.1 for a fixed entropy, we follow the same calculations by finding first the left hand side.
Concretely, it has been found to be
−
(
∂Q
∂T
)
S,J
=
2 (S (4J2π2 + S(2πQ2 + S))
3/2
√
πQS (S2 − 4J2π2)) . (3.20)
For the right hand side, the calculation shows that it involves the same expression as the left
handed side. Thus, we have
(CJ,Q)2 − (CJ,Q)1
φT (α′2 − α′1) =
2 (S (4J2π2 + S(2πQ2 + S))
3/2
√
πQS (S2 − 4J2π2)) = −
(
∂Q
∂T
)
S,J
. (3.21)
As expected, the remaining equations, given in Tab.1, can be examined using the same
method. Instead of repeating the associated calculation, we give only the obtained results.
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For a fixed angular momentum, they are presented as follows
α2 − α1
κ2 − κ1 =
4SJ(4J2π2 + S(4πQ2 + 3S))
√
Sπ(4J2π2 + S(2πQ2 + S))
(4J2π2 + S2)2
=
(
∂J
∂T
)
Ω,Q
, (3.22)
φ(χ′2 − χ′1)
Ω(κ2 − κ1) =
4JπQS
4J2π2 + S2
= −
(
∂J
∂Q
)
Ω,T
, (3.23)
Ω(κ2 − κ1)
φ(χ′2 − χ′1)
=
4J2π2 + S2
4JπQS
= −
(
∂Q
∂J
)
Ω,T
, (3.24)
Ω(α2 − α1)
φ(χ′2 − χ′1)
=
Q(4J2π2 + S2)√
S
pi
(4J2π2 + S(2πQ2 + S))
=
(
∂Q
∂T
)
Ω,J
. (3.25)
For a fixed electric potential, the Ehrenfest equations are also verified
φ(α′2 − α′1)
Ω(χ2 − χ1) =
S(4J2π2 − S2)√S(4J2π2 + S(2πQ2 + S))
2Jπ3/2(4J2π2 + S2)
=
(
∂J
∂T
)
φ,Q
, (3.26)
φ(κ′2 − κ′1)
Ω(χ2 − χ1) = −
48J4π4 + 24J2π2S2 − S4
32J3π4Q + 8Jπ2QS2
= −
(
∂J
∂Q
)
φ,T
, (3.27)
Ω(χ2 − χ1)
φ(κ′2 − κ′1) = −
32J3π4Q + 8Jπ2QS2
48J4π4 + 24J2π2S2 − S4 = −
(
∂Q
∂J
)
φ,T
, (3.28)
α′2 − α′1
κ′2 − κ′1 =
4QS(−4J2π2 + S2)√Sπ(4J2π2 + S(2πQ2 + S))
48J4π4 + 24J2π2S2 − S4 =
(
∂Q
∂T
)
φ,J
. (3.29)
It has been shown that Prigogine- Defay (PD) ratio Π can be considered as a tool to measure
the deviation from the second Ehrenfest equation [27]. Performing numerical calculations
from eqs.(3.12) and (3.23), it has been found to be
Π =
∆CJ,Q∆κ
TcΩc(∆α)2
= 1. (3.30)
Since all the Ehrenfest equations presented in Tab.1 are verified, we can now confirm the
existence of a second-order phase transition for the Kerr-Sen black hole. Note that this
matches perfectly with the second-order equilibrium transition discussed in [26, 28, 29].
To consolidate this result, we shall explore the geothermodynamics by proposing a new
metric form derived from the Gibbs free energy scaled by a conformal factor associated with
the existence of extremal solutions.
4 Kerr-Sen black hole geothermodynamics
In this section, we reconsider the investigation of the geothermodynamics, of such a black
hole, relying on singular behaviors of certain thermodynamical quantities including the heat
capacity. The latter is relevant in the determination of the nature of the black hole phase
transitions, since it involves various interesting thermodynamical properties. To unveil such
properties, the thermodynamical geometry of the Kerr-Sen black hole has been approached
by focusing on the thermodynamical geometric curvature. Several metrics could be used
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to approach such a quantity. However, here, we can explore an alternative road. Inspired
by the Hessian matrix of several free energies generated from the Legendre transformation
of M , we adopt a new metric form derived from the Gibss free energy [30]. Concretely,
we introduce a conformal factor 1
T
motivated by extremal solutions being absent in known
approaches. Exploiting the Gibbs free energy G, we can write
dG = −SdT + φdQ+ ΩdJ. (4.1)
Implementing a conformal factor 1
T
, we obtain
1
T
dG =
1
T
(−SdT + φdQ+ ΩdJ) . (4.2)
It follows that the conformal Gibbs free energy metric can be written as
ds2G =
1
T
(−dTdS + dφdQ+ dΩdJ) . (4.3)
Within the natural variables T , Q and J , it is convenient to trade the temperature by the
entropy S. The resulting new representation of the metric takes the following form
ds2G = gSSdS
2 + gQQdQ
2 + gJJdJ
2 + 2gQJdQdJ. (4.4)
With the use of this metric, we try to check the second-order phase transition point. Thus,
the scalar curvature can be expressed in the following way
RG =
NG
DG
, (4.5)
where the denominator is found to be
DG = S(2Jπ − S)(2Jπ + S)(2πQ2 + S)2(4J2π2 + S2)(4J2π2 + 2πQ2S + S2),
(48J4π4 − S4 + 8J2π2S(4πQ2 + 3S))2, (4.6)
while the term NG, having a complicated form, is omitted since it is not revelent in the
present discussion. It is worth noting that the proposed metric gives a rather simple form
of the scalar curvature. Besides, the resulting scalar curvature has the same denominator as
the quantities (2.16) and (3.1). This shows that the latter may also exhibit a discontinuity at
the critical point Sc = 1.60199 confirming the existence of a second-order phase transition.
To visualise such a result, we illustrate the scalar curvature in Fig.4 as a function of the
entropy.
0 1 2 3 4 5 6
-20
0
20
40
S
ℜG
J=0.1, Q=0.05
Figure 4: Scalar curvature as a function of the entropy (S). The red dashed line represents
the critical point at which RG goes to infinity. While, the blue one is associated with the
extremal black hole solution.
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It follows from this figure that the scalar is indeed discontinuous at Sc (the red dashed
line) and at S = 2πJ (the blue dashed line). This not only supports the result obtained
in the previous section but also pushes one to investigate the associated scalings laws and
critical exponents.
5 Scaling laws and critical exponents
In this section, we investigate the scaling laws and the critical exponents at the obtained
critical point for the Kerr-Sen black hole. In the elaboration of critical phenomena, one can
meet with three kinds of susceptibilities related to the heat capacity CA, the moment of
inertia (IB) and the electric capacitance (Kc) defined as
CA = −β2
(
∂M
∂β
)
A
, IB = β
(
∂J
∂ (βΩ)
)
B
, KC = β
(
∂Q
∂ (βφ)
)
C
. (5.1)
Here, β is the inverse of the temperature and the set {A,B,C} denotes the fixed quantities
[31]. These quantities representing different exchange modes (i.e thermal, electrical and
mechanical) show a behavioral divergence providing a phase transition. It is noted that
other propositions have been conducted for the phase transitions at the extremal limit,
being a point of a second-order transition, when M = a + b based on the divergence of
thermal fluctuations. Precisely, it has been remarked that these fluctuations can be linked
to the divergence of (5.1). Before going ahead, it is convenient to re-write certain needed
thermodynamical quantities. In particular, they are listed as follows
S± =
A±
4
= π
[
2M2 −Q2 ±
√
(2M2 −Q2)2 − 4J2
]
, (5.2)
T± =
±
√
(2M2 −Q2)2 − 4J2
M × A± = β
−1, (5.3)
Ω± =
4πJ
MA±
, φ± =
4πQrh
A±
. (5.4)
It is noted that the entropy S(M,J,Q) is a generalized homogeneous function since one has
S(
√
λM, λJ,
√
λQ) = λS(M,J,Q). The response coefficients are related to the susceptibili-
ties via the following relations
χ1 ≡
(
∂2S
∂M2
)
JQ
= − β
2
CJQ
, (5.5)
χ2 ≡
(
∂2S
∂J2
)
MQ
= − β
IMQ
, (5.6)
χ3 ≡
(
∂2S
∂Q2
)
MJ
= − β
KMJ
. (5.7)
Near the critical points, these quantities obey certain power laws. To derive such laws, we
should define the following order parameters ηM = β+ − β−, ηJ = (βΩ)+ − (βΩ)− and ηQ =
(βφ)+−(βφ)−. It is worth noting that these quantities do not go to zero at the critical point.
However, they diverge since the inverse of the black hole temperature does. In this regime,
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we also need to define the following termsM = MX(1+ǫM), J = JX(1−ǫJ), Q = QX(1−ǫQ),
where MX , JX and QX represent the mass, the angular momentum, and the charge at the
extremal limit, respectively and ǫ is associated with small parameter deviations1. Some of
the relevant scaling laws are given by
χ1 ∼ ǫ−αM (J = 0 orQ = 0), (5.8)
χ2 ∼ ǫ−γM (Q = 0), (5.9)
ηJ ∼ ǫβM(Q = 0), (5.10)
ηJ ∼ ǫδ−1M (Q 6= 0). (5.11)
Using the definition of χ1 in the extremal limit where M =
√
J +Q2/2(1 + ǫM) and taking
Q = 0, we find
χ
1
≈ 4π
ǫ
3/2
M (ǫM + 2)
3/2(ǫM (ǫM + 2) + 2)3/2
(5.12)
×
[
−2 + ǫ3/2M (ǫM + 2)
(
(ǫM + 2)
√
ǫM
(
ǫ
2
M + 2ǫM +
√
ǫM
√
ǫM + 2
√
ǫM (ǫM + 2) + 2 + 3
)
+ 2
√
ǫM + 2
√
ǫM (ǫM + 2) + 2
)]
.
Thus, we obtain χ1 ∝ ǫ−3/2M . Using similar road calculations, we get
χ2 ≈ −
2π(ǫM + 1)
4
J (ǫ4M + 4ǫ
3
M + 6ǫ
2
M + 4ǫM)
3/2
, (5.13)
which shows that χ2 ∝ ǫ−3/2M . For the third equation, we obtain
ηJ ≈ − 4π√
ǫ4M + 4ǫ
3
M + 6ǫ
2
M + 4ǫM
, (5.14)
revealing that one has ηJ ∝ ǫ−1/2M . Identical computations are performed for the last equation.
The critical exponents for the Kerr-Sen black hole are therefore summarized as follows
α =
3
2
, γ =
3
2
, β = −1
2
, δ = −2. (5.15)
From these critical exponents, we find the equalities related to the scaling laws of the first
kind
α + 2β + γ = 2, β (δ − 1) = γ. (5.16)
This matches perfectly with the result of [31] where the same relations have been obtained
for the Kerr-Newman black hole.
6 Conclusions
In this work, we have investigated the phase transitions of the Kerr-Sen black hole engi-
neered from the heterotic superstring theory. In particular, we have computed the involved
thermodynamical quantities. It has been shown that the phase transition is characterized
by divergences in the specific heat and other quantities near the critical points. Using the
1 In the extremal limit, we obtain MX =
√
J +Q2/2, QX =
√
2(J +M2) and JX =
Q2−2M2
2
.
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Ehrenfest scheme, we have inspected the nature of the phase transitions. Concretely, we
have analytically verified the validity of such equations near the critical point. We have
shown that the phase transition corresponding to the divergence in the heat capacity at the
critical point is in fact a second-order equilibrium one. To support such a finding, we have
approached the Kerr-Sen black hole geothermodynamics by adopting a new metric form de-
rived from the Gibbs free energy scaled by a conformal factor inspired by the singularity
associated with extremal solutions. This geometric method recovers similar behaviors. At
the end, we have obtained the involved scaling behaviors at the critical point.
This work comes up with some open questions. It will be interesting to extend this investiga-
tion by considering backgrounds with a non zero cosmological constant built recently in [32].
Motivated by the black hole observational aspect such the gravitational waves and black hole
image, a second investigation could concern optical properties from different backgrounds,
including dark sectors. We leave these questions for future works.
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